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Universal Chern-Simons partition functions as quadruple
Barnes’ gamma-functions
R.L.Mkrtchyan
Yerevan Physics Institute, 2 Alikhanian Br. Str., 0036 Yerevan, Armenia
Abstract. We show that both perturbative and non-perturbative parts of universal
partition functions of Chern-Simons theory on 3d sphere are ratios of four over four Barnes’
quadruple gamma functions with arguments given by linear combinations of universal pa-
rameters. Since nonperturbative part of partition function is essentially a universal com-
pact simple Lie group’s volume, latter appears to be expressed through quadruple Barnes’
functions, also. For SU(N) values of parameters recurrent relations on Barnes’ functions
give the proof of level-rank duality of complete partition function, thus extending that
duality on non-integer level and rank. We note that integral representation of universal
partition function is defined on few disjoint regions in parameters’ space, corresponding
to different signs of real parts of parameters, and introduce a framework for discussion of
analytic continuation of partition functions(s) from these regions. Although initial inte-
gral representation is symmetric under all permutations of parameters (which corresponds
particularly to N → −N duality of gauge theories with classical groups), analytic contin-
uations are not symmetric under transposition of parameters with different signs of their
real parts. For the particular case of SU(N) Chern-Simons this asymmetry appears to be
the Kinkelin’s functional equation (reflection relation) for Barnes’ G-function.
1. Introduction
Recently a closed explicit formula through universal parameters have been ob-
tained for partition function Z of Chern-Simons theory on 3d sphere [1]. It is a
transformation of formula [2] Z = S00 for partition function through matrix el-
ement of modular S-transformation, with simultaneous extension to an arbitrary
values of Vogel’s universal parameters [3, 4].
Partition function is the product of perturbative and nonperturbative parts Z =
Z1Z2. For perturbative free energy we have [1]:
F2 = − lnZ2 =
∫ ∞
0
dx
x
F (x/δ)
(ex − 1)(1)
where F (x) is a universal expression [6] for character of adjoint representation f(x),
evaluated at point xρ, minus dimension of algebra dim. ρ is a Weyl vector in roots
space, i.e. half of sum of all positive roots of a given simple Lie algebra.
1
2F (x) = f(x)− dim(2)
f(x) =
sinh(xα−2t
4
)
sinh(xα
4
)
sinh(xβ−2t
4
)
sinh(xβ
4
)
sinh(xγ−2t
4
)
sinh(xγ
4
)
(3)
dim =
(α− 2t)(β − 2t)(γ − 2t)
αβγ
(4)
δ = κ+ t(5)
t = α+ β + γ(6)
κ is a coefficient in front of Chern-Simons action, δ is (an inverse) usual effective
coupling constant equal to the sum of bar coupling κ and half of eigenvalue 2t of
second Casimir operator in adjoint representation. α, β, γ are universal parameters
introduced by Vogel [3]. They are projective parameters, with correspondence with
simple Lie algebras given by Table 1:
Table 1. Vogel’s parameters for simple Lie algebras
Algebra/Parameters α β γ t
SU(n) -2 2 n n
SO(n)/Sp(-n) -2 4 n-4 n-2
Exc(n) -2 2n+4 n+4 3n+6
where for SU(n) and SO(n) n is positive integer, for Sp(-n) n is negative even,
for exceptional line Exc(n) n=-2/3,0,1,2,4,8 for G2, D4, F4, E6, E7, E8 respectively.
For Chern-Simons theory projective is set α, β, γ, δ. Values of parameters in Table
1 are given in so called minimal normalization, when square of long roots is 2. In
this normalization physical values of parameter κ are non-negative integers k.
Universal are called quantities, which can be expressed through Vogel’s parame-
ters by smooth (analytic, rational, etc.) functions, in such a way that their values at
points from Table give an answers for theory with corresponding algebras. Pertur-
bative partition function (1) is an example of universal quantity, as well as unknot
Wilson loop, dimension of simple Lie algebra (4) (and some classes of their irreps
[5]), central charge, etc. [6].
Non-perturbative part of partition function is expressed through perturbative
one by observation [1] that Z = 1 at κ = 0. This follows from S00 = 1 at κ = 0,
since there is no contributions into S00, i.e. there is no integrable representation of
corresponding affine Kac-Moody algebra at level k=0, besides trivial one [2].
From this one deduces nonperturbative free energy (see[1]):
F1 = − lnZ1 = (dim/2) ln(δ/t)−
∫ ∞
0
dx
x
F (x/t)
(ex − 1)(7)
and complete free energy:
F1 + F2 = (dim/2) ln(δ/t) +
∫ ∞
0
dx
x
F (x/δ)− F (x/t)
(ex − 1) =(8)
(dim/2) ln(δ/t) +
∫ ∞
0
dx
x
f(x/δ)− f(x/t)
(ex − 1)(9)
3Note that in last integral terms with dim canceled.
Finally, universal formula for volume (as defined in [6]) of corresponding compact
simple Lie group with Cartan-Killing metric is [1]:
V ol(G) = (2πt−1/2)dimZ2|κ=0(10)
= (2πt−1/2)dim exp
(
−
∫ ∞
0
dx
x
F (x/t)
(ex − 1)
)
(11)
The main aim of present paper is to make contact with the field of number the-
ory functions, particularly Barnes’ multiple gamma-functions [7]. These functions
appear often in integrable theories, see e.g. recent discussion of double gamma-
function in [8]. We show that both perturbative and non-perturbative partition
functions are combinations of Barnes’ quadruple gamma-functions with arguments
and parameters linearly depending on universal parameters α, β, γ, δ.
The basic object is Barnes’ multiple zeta-function [7], generalization of Riemann
and Hurwitz zeta functions. It is given by
ζN (w, s|a1, a2, ..., aN ) =
∞∑
n1,...,nN=0
1
(w + a1n1 + a2n2 + ...+ aNnN )s
(12)
defined particularly at ℜw > 0,ℜs > N and positive parameters ai.
Barnes’s multiple gamma-functions ΓN (w) are in similar connection with Barnes’
multiple zeta functions as usual gamma-function with Riemann’s zeta-function:
ln ΓN (w) = ΨN(w) = ΨN (w|a1, a2, ..., aN ) =(13)
∂ζN (w, s|a1, a2, ..., aN )|s=0(14)
This definition follows that of [9] and differs from original Barnes’ one [7] by some
modular ”constant”, depending on parameters. It seems to be more convenient for
our purposes.
With these definitions perturbative free energy is equal to (Section 2)
Z2 =
Γ4(w1)Γ4(w2)Γ4(w3)Γ4(w7)
Γ4(w4)Γ4(w5)Γ4(w6)Γ4(w8)
(
δ
π
) dim
2
(15)
where arguments wi, i = 1, 2, ..., 8 of quadruple gamma functions are given by (26),
parameters are −α, β, γ, 2δ.
The non-perturbative part of partition function is expressed through quadruple
Barnes’ function essentially by above formula, with κ = 0, see (41).
This last expression, due to (11), give rise to formula for invariant volume of
compact simple Lie groups through Barnes’ quadruple gamma function. This is
beautiful and unexpected relation between number theory functions and intrinsic
geometrical properties of simple Lie algebras and groups.
Complete partition function appears to be expressed through Barnes’ quadruple
gamma functions, and this representation leads to a simple proof of level-rank
duality [10, 11]for SU(N) partition function in Section 3. The proof is based on
the recurrent relations of multiple gamma functions. This extends the level-rank
duality on non-integer values ofN and k, whereas existing proofs usually are dealing
with integer N and k, only.
4In Section 4 we discuss analytic properties of partition function. We argue that
it is equal to different analytic functions in different regions of parameter’s space
(differing by signs of real parts of parameters). The reason is noted in [1] on the
example of toy model
∫ ∞
0
dx
cosh(zx)
=
{
pi
2z if ℜz > 0
− pi
2z if ℜz < 0
(16)
or one can consider even simpler integral
∫ ∞
0
dx
1 + (zx)2
=
{
pi
2z if ℜz > 0
− pi
2z if ℜz < 0
(17)
They are symmetric under change of sign of z, and define two analytic functions,
connected by the change of sign of z. These are analytic functions f+(z) = π/2z
or f−(z) = −π/2z, for positive and negative real parts of arguments, respectively.
The reason is that one cannot connect two points on a complex plane of parameter
z, one with positive real part and another one with negative, by a path without
passing through singularity of integrals (17)(16). Namely, one can’t avoid crossing
the line ℜz = 0, any point on which is singular for integrals. Values of integrals at
ℜz > 0 and ℜz < 0 doesn’t belong to the same analytic function, instead they are
given by two different analytic functions f+(z) and f−(z). Each of these functions is
initially defined in the corresponding region of convergence of integral (17)(16), i.e.
corresponding open semiplane, but then it can be analytically continued to another
half, where it can be compared with function originated from that half. Thus,
first, they are connected by z → −z transformation, and, second, their difference
is f+(z)− f−(z) = π/z.
Similarly, as discussed in Section 4, expression 1 defines few (sets of) analytic
functions, corresponding to different sets of real parts of parameters. Initial func-
tion F2 is symmetric w.r.t. the permutations of parameters, but these analytic
functions already not, rather functions in the same set are connected by permu-
tations of parameters. One can be interested in calculation of their change under
that permutations. Such a relations are known in many particular cases and are
called reflection relations, functional equations, duality relations, etc. See e.g. [12]
for a study of their role in integrable systems. Perhaps most famous example of
reflection relation is Euler’s formula for gamma function:
Γ(1 + z)Γ(1− z) = πz
sin(πz)
(18)
For our toy model reflection relation is calculated above. For F2 function in
particular case of parameters for SU(N) group corresponding reflection relation is
essentially the well-known Kinkelin’s functional equation [13] for Barnes’ G-function
[14]:
ln
G(1 +N)
G(1 −N) = N ln(2π)−
∫ N
0
dxπx cot(πx)(19)
We derive it from our formulae in Section 4 and discuss there the general case, for
which reflection relations aren’t derived yet.
In Conclusion we discuss results and possible directions of development.
52. Chern-Simons’ universal partition functions as Barnes’ quadruple
gamma functions
Barnes’ multiple zeta function (12) can be written as an integral
ζN (w, s|a1, a2, ..., aN ) = 1
Γ(s)
∫
dt
t
tse−wt
N∏
k=1
1
(1 − e−akt)(20)
This gives (12), if one expand all multipliers as (1 − e−akt)−1 = ∑∞n=1 e−nakt,
multiply the sums and integrate term by term. With this integral representation
of zeta function Barnes’ multiple (N-ple) gamma-function (13) can be represented
[9] as:
ΨN(w) =
∫ ∞
0
dx
x

e−wx N∏
j=1
1
(1− e−ajx)(21)
−x−N
N−1∑
n=0
(−xn)
n!
BN,n(w) − (−1)
N
N !
e−xBN,N(w)
)
(22)
where multiple Bernoulli polynomials BN,n(w) are defined as:
xNe−wx
N∏
j=1
1
(1− e−ajx) =
∞∑
n=0
(−xn)
n!
BN,n(w)(23)
Both gamma function and multiple Bernoulli polynomials are implied to depend
on positive parameters aj . Integrals converge provided real part of w is positive.
With these definitions let’s express perturbative partition function through quadru-
ple Barnes’ gamma functions.
Assume parameters are in the physical region α < 0, β > 0, γ > 0, t > 0, κ > 0.
Then, separating truly negative exponents in denominators and expanding nomi-
nator into the sum of exponents, we can present F2 as:
F2 =
∫
dx
x
(
−∑8i=1 ǫie−wix
(1− e−2δx)(1− eαx)(1− e−βx)(1 − e−γx)(24)
−dim e
−2δx
(1 − e−2δx)
)
(25)
where ǫi = +,+,+,−,−,−,+,−, and w-s are:
6w1 = 2δ − 2α,(26)
w2 = 2δ − α− β,(27)
w3 = 2δ − α− γ,(28)
w4 = 2δ + α+ β + γ,(29)
w5 = 2δ + 2β + γ,(30)
w6 = 2δ + β + 2γ,(31)
w7 = 2δ + 2α+ 3β + 3γ,(32)
w8 = 2δ − 3α− 2β − 2γ,(33)
This expression of F2 is a combination, with coefficients ǫi, of first terms in
integral representation (21) of quadruple and uniple gamma-functions, taken with
arguments (26)-(33) and parameters (−α, β, γ, 2δ) for quadruple and argument 2δ
and parameter 2δ for uniple function. However, subsequent terms from (21) are
completely absent. One can understand that they actually completely cancel.
Indeed, these two sets of integrals exist separately, i.e. from one side F2, which
is a combination of pure first terms (call them also a main terms), and from other
side the same combination of main terms with corresponding subsequent terms.
Then their difference written under common integral sign is equal to the integral
of combination of these subsequent terms, only, because main terms cancel. But
any such combination can be convergent only if it sum up to zero, otherwise it
will diverge at x = 0. In other words, these subsequent terms are aimed to cancel
singularities of main terms at x = 0, if these singularities already cancel between
main terms, their subsequent terms should cancel, also.
We check this cancellation explicitly, also, to avoid any unexpected subtleties.
So, final answer for F2 through quadruple Barnes’ gamma-functions is:
F2 = −Ψ4(2δ − 2α)−Ψ4(2δ − α− β)−(34)
Ψ4(2δ − α− γ) + Ψ4(2δ + α+ β + γ)(35)
+Ψ4(2δ + 2β + γ) + Ψ4(2δ + β + 2γ)(36)
−Ψ4(2δ + 2α+ 3β + 3γ) + Ψ4(2δ − 3α− 2β − 2γ)(37)
−dimΨ1(2δ)(38)
Implicit parameters in quadruple gamma-functions are −α, β, γ, 2δ, and implicit
parameter in uniple function is 2δ. They all are positive, as should be. One can
transform in a similar way total free energy in a form (9), then one will get sixteen
quintuple Barnes’ functions (ratio of eight over eight) and terms proportional to
dim will disappear.
Last term can be simplified. According to [9],
Γ1(w|a) = exp
((
w
a
− 1
2
)
ln a
)
Γ
(w
a
)
(2π)−
1
2(39)
where Γ in the r.h.s. is usual (Euler’s) gamma function. For w = a = 2δ, taking
into account Γ(1) = 1, we have
Ψ1(2δ|2δ) = ln Γ1(2δ|2δ) = 1
2
ln
δ
π
(40)
7Then we get expression (15) for perturbative partition function. For nonpertur-
bative one we get from (7):
Z1 =
Γ4(v4)Γ4(v5)Γ4(v6)Γ4(v8)
Γ4(v1)Γ4(v2)Γ4(v3)Γ4(v7)
(π
δ
) dim
2
(41)
where vi = wi|κ=0. vi will be used in next paragraph, so we explicitly write them
below:
v1 = 2t− 2α,(42)
v2 = t+ γ,(43)
v3 = t+ β,(44)
v4 = 3t,(45)
v5 = 2t+ 2β + γ,(46)
v6 = 2t+ β + 2γ,(47)
v7 = 5t− α,(48)
v8 = −α,(49)
According to (11), this formula essentially gives representation of invariant vol-
ume of simple Lie groups through Barnes’ quadruple function.
In total partition function explicit δ and dim cancel:
Z = Z1Z2 =
Γ4(w1)Γ4(w2)Γ4(w3)Γ4(w7)
Γ4(w4)Γ4(w5)Γ4(w6)Γ4(w8)
Γ4(v4)Γ4(v5)Γ4(v6)Γ4(v8)
Γ4(v1)Γ4(v2)Γ4(v3)Γ4(v7)
(50)
Let’s comment on a projective invariance of partition function(s), e.g. (34). The
combination of quadruple functions in (34) is equal to (1), so is projective invariant,
but each function isn’t. One can ask on most general form of projective-invariant
combinations of quadruple functions. Answer is more or less clear from the above -
we should construct a combination of main terms such that integral is convergent,
then all additional terms will cancel and it will be invariant w.r.t. the multiplication
of all arguments and parameters on an arbitrary positive number.
3. Level-rank duality of SU(N) partition function from Barnes’
functions recurrent relations
One of the immediate consequences of representation of partition function through
Barnes’ multiple gamma functions is level-rank duality for SU(N) group [10, 11].
It is essentially (almost) invariance of the partition function under interchange of
level k (value of κ in minimal normalization) and N .
In our representation this symmetry appears to be a consequence of recurrent
relations [7, 9] on Barnes’ multiple functions. These relations have an origin just
in definition (12): if w = w0 + ai,ℜw0 > 0, then sum over ni is effectively starting
from ni = 1, with zeta function argument being w0. It remains to add and subtract
contribution of ni = 0 to get a relation:
ζN (w0 + ai, s|a1, a2, ..., aN ) = ζN (w0, s|a1, a2, ..., aN )−(51)
ζN−1(w0, s|a1, ..., ai−1, ai+1..., aN )
This straightforwardly translates into recurrence relation on multiple gamma-
functions:
8ΓN (w0 + ai, s|a1, a2, ..., aN ) =(52)
ΓN (w0, s|a1, a2, ..., aN )/ΓN−1(w0, s|a1, ..., ai−1, ai+1..., aN)(53)
Let’s apply these relations to partition function for SU(N).
Perturbative part Z2 of partition function is (15). All gamma functions have
parameters (2,2,N,k+N). With the use of recurrence relation (51) for parameter N
specific ratios become
Γ4(w1)
Γ4(w5)
= Γ3(2(k +N) + 4|2, 2, 2(k+N))(54)
Γ4(w2)
Γ4(w4)
= Γ3(2(k +N)|2, 2, 2(k +N))(55)
Γ4(w3)
Γ4(w8)
=
1
Γ3(2k + 2|2, 2, 2(k+N))(56)
Γ4(w7)
Γ4(w6)
=
1
Γ3(2(k +N) + 2 + 2N |2, 2, 2(k+N))(57)
=
Γ2(2N + 2|2, 2)
Γ3(2N + 2|2, 2, 2(k+N))(58)
so perturbative partition function is
Z2 =
Γ3(2(k +N) + 4)Γ3(2(k +N))Γ2(2N + 2|2, 2)
Γ3(2k + 2)Γ3(2N + 2)
(
k +N
π
) dim
2
(59)
which already seems almost symmetric on k and N, but note ”dangerous” N in
dim = N2 − 1. From (59) we get nonperturbative partition function Z1 by (7):
Z1 =
Γ3(2)Γ3(2N + 2)
Γ3(2N + 4)Γ3(2N)Γ2(2N + 2|2, 2)
(
π
k +N
) dim
2
(60)
=
Γ2(4|2, 2)Γ2(2|2, 2N)
Γ2(2N |2, 2N)Γ2(2N + 2|2, 2)
(
π
k +N
) dim
2
(61)
=
Γ2(4|2, 2)Γ1(2|2)
Γ2(2N + 2|2, 2)Γ1(2N |2N)
(
π
k +N
) dim
2
(62)
=
Γ2(4|2, 2)
Γ2(2N + 2|2, 2)
1√
N
(
π
k +N
) dim
2
(63)
where on last stage we use (40).
Altogether, partition function Z(N, k) (explicitly noting its dependence on k and
N) is:
Z(N, k) = Z1Z2 =
Γ3(2(k +N) + 4)Γ3(2(k +N))Γ2(4|2, 2)
Γ3(2k + 2)Γ3(2N + 2)
1√
N
(64)
9Remind that parameters of triple gamma functions are (2, 2, 2(k + N)). Now evi-
dently
Z(N, k)
Z(k,N)
=
√
k√
N
(65)
which is exactly the statement of level-rank duality of partition function of SU(N)
Chern-Simons on 3d sphere [10, 11].
Note that usual proofs of level-rank duality are working for physical values of
N and k, particularly they have to be integers, while here we show duality of
analytically extended partition function for non-integer values, also.
4. Analytic continuations of partition function and their
parameter’s permutations
Let’s consider perturbative partition function F2 (1) at general complex values
of all variables. Integrand requires δ 6= 0, so let’s put δ = 1 by projective trans-
formation. Then it is evident, that one should have ℜα 6= 0,ℜβ 6= 0,ℜγ 6= 0 since
otherwise there are non-integrable singularities at the poles coming from the zeros
of one of sinh in denominator. This restriction divides the space of parameters
into disjoint regions. Inside that regions integral can converge or diverge at large x
depending on values of parameters.
Function F2 is invariant w.r.t. the permutations of parameters, but it is not an
analytic function of parameters, as discussed in Introduction 1.
Let’s introduce notation K±±±(α, β, γ) for analytic functions, which are equal
to F2 (1) in the region where signs of real parts of parameters α, β, γ coincide
respectively with their subscripts (index). By argument given in Introduction,
these functions are symmetric w.r.t. the transposition of arguments corresponding
to the same signs in index, since we can interchange them smoothly by paths in the
region of definition of integral. For example
K−−+(α, β, γ) = K−−+(β, α, γ)(66)
ℜα < 0,ℜβ < 0,ℜγ > 0
but in general K−−+(α, β, γ) is not symmetric w.r.t. the transposition of β < 0
and γ > 0.
From definition we get relations:
K−−+(α, β, γ) = K−+−(α, γ, β) = K+−−(γ, α, β)(67)
ℜα < 0,ℜβ < 0,ℜγ > 0
and
K++−(α, β, γ) = K+−+(α, γ, β) = K−++(γ, α, β)(68)
ℜα > 0,ℜβ > 0,ℜγ < 0
and similar ones with arguments with same signs transposed.
1In some paper(s) similar functions (those in 11) are incorrectly declared to be an analytic
functions on CP 2
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One can try to analytically continue these functions to other regions, where they
don’t necessarily coincide with functions K originated from that region, and cal-
culate their difference. All relations of type (66),(67) and (68) presumably will
be maintained by these analytic continuations. So, for example, we can take
K−++(α, β, γ), where ℜα < 0,ℜβ > 0,ℜγ > 0, analytically continue it to other
region of arguments, e.g. ℜα > 0,ℜβ > 0,ℜγ > 0 and calculate difference
K−++(α, β, γ)−K+++(α, β, γ). Next we can imagine to carry on analytic contin-
uation w.r.t. the parameter β and calculate difference between obtained function
and function originated from that new region:
K−++(α, β, γ)−K+−+(α, β, γ) =(69)
(K−++(α, β, γ)−K+++(α, β, γ)) +(70)
(K+++(α, β, γ)−K+−+(α, β, γ)) =(71)
K−++(α, β, γ)−K−++(β, α, γ)(72)
ℜα > 0,ℜβ < 0,ℜγ > 0(73)
where at last step we use (67). I.e. carrying on analytic continuations twice, w.r.t.
the arguments with different signs of real part, and summing corresponding two
relations, we obtain a behavior of function K under transposition of parameters
with different signs of their real parts.
All this seems to fit into a fiber bundle over Vogel’s plane with group of permu-
tations as a structure group and functions K being a section(s).
An example of such a procedure can be given for an SU(N) values of parameters,
which are (α/t, β/t, γ/t) = (−2/N, 2/N, 1), and we also put δ = t = N (i.e. consider
volume function integral), to make a comparison with known cases. In this case job
can be done in one step, since the change of sign of N corresponds to the interchange
of parameters α and β.
Generally, for volume function (11), i.e. for the case δ = t, it is easy to estab-
lish that integral converges when parameters ℜα,ℜβ,ℜγ, (α + β + γ = 1) are of
different signs, and diverges otherwise (i.e. when they all are positive). On the
plane (ℜα,ℜβ) line ℜγ = 0 corresponds to the line ℜα+ ℜβ = 1. So, lines of zero
real parts of parameters divide (ℜα,ℜβ) plane on 7 regions. Similarly hyperplanes
ℜα = 0,ℜβ = 0 and ℜγ = 0 divide projective space of α, β, γ (i.e. CP 2) into seven
disconnected pieces. Integral doesn’t converge in one region only, namely in the
region where all real parts of parameters are positive.
Integral for SU(N) is (7):
K−++(− 2
N
,
2
N
, 1) =
∫ ∞
0
dx
x
(
1− e−x
4 sinh2( x
2N )
− N
2
ex − 1
)
(74)
ℜN > 0(75)
We are interested in change of (74) under change of sign of N . Let we have
N with ℜN > 0. Then N -dependent poles of integrand of 74 are in the points
x = iπk/N, k = 1, 2, .... Now let’s move N to −N , e.g. by multiplying on phase
factor, changing from 1 to -1 in counterclockwise direction. Then poles will move
in clockwise direction and those with k > 0 will touch the integration line [0,∞).
11
When poles reach integration contour from upper semiplane and continue to
move to lower semiplane, we deform contour to prevent appearance of singularity.
One can imagine that deformation as a creation of a narrow sprout of the contour,
which go from the real positive line to a pole (which is in the lower semiplane), turn
around him in counterclockwise direction, and return to real positive line. Moving
parameter N to its new value, and simultaneously deforming the contour, we get a
value of initial function, analytically continued to new value of parameter N .
Finally, when N becomes −N , we get new contour of integration which evidently
can be replaced by line from 0 to infinity plus small circles, enclosing poles at points
x = −iπk/N, k = 1, 2, ... in counterclockwise direction. Integral over line is an initial
integral with −N instead of N , which is the same. So, the value of analytically
continued function on point −N is equal to its value at N plus 2πi times residues
at poles. Residue at the pole at x = −iπk/N is:
Resx=− ipik
N
(
1
x
(
1− e−x
4 sinh2( x
2N )
− N
2
ex − 1
))
=(76)
1 + e2kipiN (−1 + 2kiπN)
4k2π2
(77)
so we have
K−++(− 2
N
,
2
N
, 1)−K−++( 2
N
,− 2
N
, 1) =(78)
−2πi
∞∑
k=1
1 + e2kipiN (−1 + 2kiπN)
4k2π2
Now let’s use this answer with expression [1] for Barnes’ G-function throw in-
tegral (74), to make contact with known reflection formula for G. This expression
appears from comparison of two calculations of nonperturbative part of SU(N)
Chern-Simons theory - either directly [15], or through universal approach [1]:
ln(G(1 +N)) =
1
2
N2 lnN − 1
2
(N2 −N) ln(2π) +K−++(− 2
N
,
2
N
, 1)(79)
From this equation, applying the procedure of sign changing of N by counter-
clockwise rotation, and using (78), we get reflection relation for Barnes’ G-function:
ln
G(1 +N)
G(1−N) =
iπ
2
N2 +N ln(2π)− i
∞∑
k=1
1 + e2kipit(−1 + 2kiπt)
2k2π
(80)
provided we choose appropriate branch of lnN .
We would like to compare this with Kinkelin’s functional equation (19), in a
form given in [16, 17]:
ln
G(1 +N)
G(1−N) =
i
2π
Li2(e
2piiN ) +N ln
( π
sinπN
)
− πi
2
B2(N)(81)
where Li2 is a dilogarithm function, B2(z) = z
2 − z + 1/6 - second Bernoulli
polynomial. Equivalence of two forms of Kinkelin’s equation can be established
directly, by integration in (19), indefinite integral is [18]:
12
∫
dxπx cot(πx) = x ln(1− e2piix)− i
2π
(
π2x2 + Li2(e
2piix)
)
(82)
Writing functions in the r.h.s. of (81) or (82), (19) as a sums over powers of
e2piiN :
Li2(e
2piiN ) =
∞∑
k=1
e2piikN
k2
(83)
N ln
π
sinπN
= N ln 2π − iπ
2
N + iπN2 +N
∞∑
k=1
e2piikN
k
(84)
we get:
ln
G(1 +N)
G(1 −N) =
i
2π
∞∑
k=1
e2piiN
k2
+N
∞∑
k=1
e2piiN
k
+
iπ
2
N2 +N ln 2π − iπ
12
(85)
which coincides with (80), taking into account that
∞∑
k=0
1
k2
=
π2
6
(86)
The similar calculation we carry on for general case of arbitrary parameters.
The answer seemingly gives reflection relation, which reproduce (19) in particular
case of SU(N), but because in the process one passes through divergent series, it
requires further careful study.
Another way of handling an analytical continuation is an application of the the-
ory of multiple Barnes’ functions [7] to our representation of F2 through Barnes’
gamma functions. Particularly in [7] there is defined a region of parameters where
sums 12 are convergent. One have to avoid an existence of accumulation points of
denominators, it is achieved and sums are convergent, at general values of argu-
ment, iff parameters in complex plane all are on one side of some line crossing the
origin ([7], p.387). Gamma functions in 15 have parameters (−α, β, γ, 2δ) which all
are positive in physical region, so are on one side of e.g. purely imaginary num-
bers axis. From the other side, for other values of parameters, e.g. for all positive
(α, β, γ, δ) we shall have another formula for integral F2, again as a combination
of gamma functions with parameters (α, β, γ, 2δ), all positive ones. The multiple
gamma functions at this two sets of parameters are presumably connected by an-
alytical continuation and some kind of reflection formula can express the value of
one through another. This requires a developed theory of Barnes’ multiple gamma
functions.
Evidently, investigation of analytic properties of functions K±±± requires (and
worth) much more efforts. The modest aim of this Section is to note a problem and
establish some framework for such an investigation.
5. Conclusion
In present paper we explore recently discovered integral representation of par-
tition function of Chern-Simons theory on 3d sphere. Particularly, we transform
it into combination of quadruple Barnes’ gamma functions. Presumably, this will
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help in study of exact properties of partition function at finite values of parameters
(coupling constant and universal parameters), due to the known global features
(such as zeros and poles) of gamma functions. We assume that expression (50)
catch some fundamental features of partition function of Chern-Simons theory, so
on some other 3d manifolds partition functions of Chern-Simons can be expressed
through ratio of products of quadruple gamma function, also.
Very probably, partition function of refined Chern-Simons theory, for which re-
cently a universal representation is obtained [31], can be transformed into gamma
functions representation, also.
One of the immediate consequences of this representation is an extension in
Section 3 of level-rank duality of SU(N) partition function to all, particularly non-
integer, values of N and level k. The proof uses recurrent relations for Barnes’
multiple gamma functions. These relations exist for an arbitrary values of param-
eters and argument of these gamma function, so one may try to extend level-rank
duality to more general values of universal parameters, out of domain of classical
algebras.
For classical algebras one still have to check some known facts on this language of
gamma functions: level-rank duality of SO and Sp algebras,N → −N duality [6, 30]
of SO/Sp theories, Ooguri-Vafa [28] relation between volumes of classical compact
groups, some features in Sinha-Vafa [29] (see also[6]) duality of SO/Sp Chern-
Simons theory to topological strings theory with nonorientable surfaces included,
etc.
Barnes’ multiple function are a kind of number theory functions, generalizations
of most famous representative of this class of functions - Riemann’s zeta func-
tion. Formula (11) express invariant volume of simple Lie groups through Barnes’
quadruple gamma function, which seems to be beautiful and unexpected relation
between number theory and intrinsic geometrical properties of simple Lie algebras
and groups. It is relevant here to recall previously obtained relation [19] between
classification of simple Lie algebras and certain Diophantine equations. This re-
lation is based on an expression (2) of universal character on a special line. For
simple Lie algebras this expression is a finite sum of exponents, i.e. it is regular on
a finite complex x plane. One can ask for a solution of an inverse, in some sense,
problem - at what values of universal parameters this function is regular in finite x
plane? It appears that these values of parameters are in one to one correspondence
with solutions of certain seven Diophantine equations on three integers k, n and m.
Each of these equations has the form knm = ak + bn + cm, with given integers
a, b, c. Complete set of solutions of these equations contains, besides all simple Lie
algebras, also 50 similar, in some sense, objects, among which is a E7 1
2
algebra [20].
So, we have already two interesting and non-trivial connections between universal
approach to Lie algebras and gauge theories, from one side, and number theory,
from the other side.
There exist another possible direction of research which is an interpretation
of some properties of number theory functions in physical language and corre-
spondingly a possible input to number theory from physical ideas. An example of
such an ideas is that of proof of Riemann hypothesis on zeros of Riemann zeta-
function through interpretation of them as an eigenvalues of some quantum Her-
mitian Hamiltonian (Polya and Hilbert, cited in [21]). Then its eigenvalues should
be real, which hopefully can be translated into needed property of zeros to occupy
14
Riemann’s critical straight line. Along these lines are an attempts [22, 23, 24] to
find a connection between theory of Riemann function and the Lee-Yang theorem
[25, 26]. So from present work’s prospects the reasonable question would be a
discussion of Lee-Yang theorem for (15) with respect to universal parameters.
It is worth to mention also the questions arising from gauge/string duality, part
of which is Chern-Simons theory/topological strings duality [27]. Universal repre-
sentation of partition function naturally rise question what string theory is dual
to this universal partition function. There is a lot of different faces and particular
cases of this question. E.g. universal form gives particularly a partition function
for exceptional series of simple Lie groups, which can be used for generalization of
1/N expansion for exceptional groups. This will require topological interpretation
of corresponding coefficients. Note the hypothesis of Deligne [32, 33], which from a
physical perspective states that the line of exceptional simple Lie algebras is similar
to that of SU(N), which means that all formulae for exceptional groups (dimen-
sions, Feynman weights, etc.) can be extended to an arbitrary point on that line (as
SU(N) formulae exist for all N , not only integer ones [34]). A beautiful formula of
Ooguri-Vafa [28] connects 1/N expansion of volume of classical simple groups with
virtual Euler characteristics of surfaces on S3, so universal expression for volume
gives rise to a question of interpretation of corresponding coefficients of expansion
over universal parameters. Perhaps multiple gamma functions representation can
take part in construction of these expansions.
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